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Abstract In the relational approach the training set is represented

Relational discriminant analvsis is based on a by a squaren*m matrix D containing all pairwise relations
y d(x,%) between the objectg andx;, (ij = 1m). For the

similarity matrix of the training set. It is able to  moment we will assume that these relations are distances.
construct reliable nonlinear discriminants in infi- Other similarity measures, however, are equally possible. A

. . . new objecix is now classified by a function S(¢) of the dis-
nite dimensional feature spaces based on small tances df;,x) between this object and (a subset of) the train-

training sets. This technique has a large sample ing objects. During training this subset and the parameters

size problem as the size of the similarity matrix in S(*) have to be optimized. In case the similarities are
. ) based on a feature description, which, we repeat, is not nec-
equals the square of the number of objects in thegssary, a larger feature set may or may not result in a more

training set. In this paper we discuss and initially accurate D. It does not, however, imply the need of a larger

luat lution that drastically d training set. In fact, for any size of the training set classi-
evaluate a solution that drastically decreases fiers S(*) can be computed. So there is no small sample size

training times and memory demands. problem.
In contrary, we have a large sample size problem, which
1. Introduction is of a computational nature. As the size of Dmi&m,

memory demands and computing times may grow quadrat-

Traditionally the main approach in statistical pattern recog-ically with the size of the training set. It is the purpose of
nition is feature based: Objects are individually describedthiS paper to address this problem and to show that there are
by features. Classes of objects are represented in a featufdf€ctive training methods that circumvent the large sample
space by sets of feature vectors. Discriminants are con$iZ€ problem for a good deal. These methods are inspired
structed in such a feature space separating these sets, pos): but notidentical to the support vector methods that have
bly based on density estimations of the classes. Thisrecently_been proposed in the machine learning community
approach suffers from a feature size - sample size dilemmaPy Vapnik and others [3], [4], [5]. As a result we have a set
Better, more complete object representations, yield featuréf interesting new pattern recognition methods that offer a
spaces of higher dimensionalities which on their turn N€W way of representing expert knowledge: distance or sim-
demand larger sample sizes in order to realize the possibil'—'a”ty measures msteed of features. As will be shown, these
ity of better discriminants [1]. Consequently the small methods may be nonlinear, and can, for feature based repre-

sample size problem is permanent issue in the pattern recséntations, operate in feature spaces of any dimensionality
ognition literature [2]. and may be based on small training sets.

This paper elaborates further on ideas first presented in
[9], [10], [11] on featureless pattern recognition. The rela-
tional approach addressing the large sample size problem is
Presented here for the first time.

In this paper we will discuss the possibilities, advantages
and drawbacks of an entirely different way of object repre-
sentation. Instead of an individual description by features
now the set of available objects is represented by all objec
relations, like distances, in a similarity matrix. These rela- 2. Relational Discriminant Analysis
tions may be computed from a feature representation, but
might also be computed directly from digitized or even ana-Let the set of training objects be givenXy {xy, ... , Xy}
logue object differences. D(X,X) is its knownm*m similarity matrix. A new object



should now be classified using thm,1) vectory = D(X,X),
containing its similarity values to the training set. In a first
approach the set of linear classifiers

S(x) = ' % Wiy, = wey 1)

is considered. A constant termg has been added by defin-
ing yo = 1. Note that this classifier is lineaninandy but

larger training sets the noise is decreased by averaging, for
smaller training sets the total amount of noise is less, see
[8]. As a consequence the point where the sample size
equals the feature size should definitely be avoided. Gener-
ally there are four options:

1. reduce the feature size (feature selection)

2. reduce the sample size, either at random or systematical-

might be nonlinear in the original measurements, depending |y. This is the basis of our work in [6] and of the support

on the definition of D(¢). In particular it should be realized

that instead of the original D(¢) anyp' = K(D) may be
used if K(¢) is a monotonic function like exp(e), log() or
power. In this way the relative importance of larger and
smaller similarity values can be changed.

In a two-class problem with target outcomes -1, +1 for
the two classes stored in a veckothe weightawv directly
follow from the desired outcomes for the training set:

)

Sow =AY €))
In case rank() < mthe mean square error solution has to be
used (Fisher’s Linear Discriminant).

S(X) =wW'Y =w'D(X, X) = A"

vector classifier [3], [4], [5].
3. enlarge the sample size.
4. enlarge the feature size.

As we argue in [12], the options 3 and 4 can both be real-
ized by adding noise, in different ways. In connection with
the relational approach discussed in this paper, the options
1 and 2 both reduce the similarity matrix D, but in different
ways: columns versus rows. Similarity measures are often
symmetric, but, nevertheless, there is an important differ-
ence.

Reducing samples (rows) implies that guént of oper-
ation is moved to the left in fig. 1. This corresponds with

The similarity matrix D can be considered to be a patternjess samples in a feature space of constant dimensionality.

matrix: a set ofm objects defined byn relational features.
These features describe the similarities with all training
objects. The following observations can now be made:

The training set is thereby reduced into a support set [3].
The pay off of having a larger training set has to be found
by the careful selection of this support set.

1. A classification problem in which sample size and feature

size are equal clearly suffers from the small sample size

problem. In section 3 this will be discussed further.

2. Instead of the standard linear classifier (1), trained by (3)°

Reducing features (columns) implies that thaximum
in the curve of fig. 1 shifts to the left. This corresponds to a
pace of lower dimensionality. In this space all training

any other classifier based on the training set as represenfCiNts are still represented.

ed by D might be used as well.

The difference between the two approaches becomes

3. One of the sol'utions for the small gample size problem isclear by observing what happens if new objects become
feature reduction. In case of relational features, featureavailable after the reduction. In the case of a support set this

selection is similar to editing the training set.

does not help unless this set is recomputed. In case of a

4. Large training sets cause problems as they involve theomputed feature subset new objects may still be helpful as

manipulation (e.g. inversion, like in (3)) wf*m matrices.

thereby the object set in the relational feature space grows.

This point and the previous one will be discussed further 0.5 :
in section 4.
3. Small Sample Size Problem Trae |
The computation and performance of linear classifiers aSErroro.} ~ Nearest Mean|
discussed in the previous section for sample sizasthe
order of the dimensionality has been extensively investi- ool X
gated by us during the recent years, e.g. [6], [7], [8]. A typ- # Pseudo Fisher LDF
ical learning curve for a 30-dimensional Gaussian problem
is sketched in fig. 1. Fan > 30 the Fisher discriminant is 01
used. Fom = 30 an exact solution as in (3) is obtained and

for m < 30 a pseudo-inverse is used, see [6]. Sample sizes
equal to the dimensionality appear to be maximally bad due

0

10’ Training Set Size r#o”

to some resonance phenomenon: the noise in the training setFig. 1. Learning curves of linear classifiers for a

is maximum and entirely reflected in the discriminant. For

Gaussian 30 dimensional problem.



4. Large Sample Size Problem 15

The methods used for reducing the similarity matrix should -~ poly-3

be judged on both, their feasibility as well as their perfor- o g's::i

mance. We have argued above that reduction in one way or IS +

another is necessary before good generalizable discrimi- 050 " .

nants can be computed. In this section we will face the prob- . .
lems that arise with increasing training sets. A direct o '

application of (3) yields for large sample sizes an increasing N

noise sensitivity and a decreasing performance. Reduction o5l B -

will become even more necessary. The manipulation of the ' Y *

similarity matrix, however, becomes for larger sample sizes, |

say over 1000, a serious computational problem. This has -1r "

been partially solved by Burges and Scholkopf [16]. The

computational demands, however, are still heavy. -15; ") =) 3

Because of the above it may be highly interesting to
study relational discriminant methods that apply a feature Fig. 2. Examples of classifiers based on all objects.
reduction on the similarity matrix instead of an object thereby overtrained. For this situation we are in the top of
reduction as thereby all objects remain represented. Thehe peak in figure 1.
question arises what an efficient reduction is for relational |n figure 3 an example is shown in which the classifier is
features. Especially for large datasets it becomes lesg linear function of a similarity representation of just two,
important to study optimal selection methods as the relayandomly selected objects. The left figure shows the origi-
tional features are similar for neighboring objects. More- nal 2-dimensional feature space and the final classifier. In
over, each representation has some intrinsic dimensionalitythe right figure the relational feature space is shown based
the maximum number of independent directions that ison the squared Euclidean distances to the two selected
essential for the representation. Suppose that this intrinsigbjects. These objects are thereby exactly on the axis. In
dimensionality is k, then almost any subset of k+1 objectsthis space a linear classifier between all training objects is

used for the feature representation constructs a k-dimencomputed, which is equivalent to the quadratic classifier in
sional subspace which is, except for some linear transforhe |eft figure, the original feature space.

mation, identical to the optimal subspace. So, for linear tne next example shows the result of the following pro-
solutions like (3) a random feature selection may be a good.oqre-
start, i.e. random selection of the objects used for the rela;y gqject an arbitrary objedt= 1

tional features. 2. compute thenj,K similarity matrix to all training objects

~ Arandom selection may be improved in two ways: mul- 3 compute a linear classifier in the resulfedimensional
tiple random trials (stochastic optimization) or by using a space.

systematic approach instead. The latter may be based on g1 \¢ ot 4] objects are correctly classified add the most er-

observation we borrow from the ideas behind the support - oq045)y classified object (largest distance to the classi-
vector classifier, see [3]: good objects for representing a dis- fier),k=k + 1, go to 2.

cnmmané ?re CIOTE tolthe d|sc|:r|m|nar.1tt, "t(_a' aroundththeS_ Remove objects from the selection as long as the training
margin between the classes. In an iterative way these . .. emains zero.

objects may be found by adding the erroneously classified The left figure shows two banana shaped classes. In the

training objects to a_n initial object set. ) right figure the well known spiral problem is shown. The
In the next section some examples will be presented

. ) _ objects that are selected for the relational features are encir-
illustrating the above ideas. cled.
5. Examples Finally a character recognition experiment was run on a
large NIST database [14]. We used 20000 numerals ‘0’ - ‘9’
The first example, see figure 2, shows the use of all train{2000 for each class) as normalized by DeRidder [11], [13]
ing objects in (3) for a simple 2-dimensional problem. in 16x16 grey value images. The similarity is computed as

Three similarity measures are useq.v>(2)3, resulting in a the_ Euclidean Qistance betwee_n the 256 pixels of tW(_)
S o objects (these distances were raised to the 1.4 power for his-
3rd-order polynomial discriminantytx,|f* yielding a qua- torical, arbitrary reasons). The total dataset is randomly

dratic function and{-x,||. For this last measure rank(D) = split in 1000 objects per class for training and 1000 objects
m. Consequently it classifies all objects correctly and is per class for testing. Out of the total training set random



Fig. 3. Left: Original 2-dimensional feature space with final discriminant. Right: transformed feature space based
on the distances to two randomly chosen training objects

subsets of 10, 20, 50, 100, 250 and 1000 objects per clasag time is taken into account. Our relational discriminant
are selected. Out of each subset randarolyjects per class  needs for the largest experiment with in total 10000 training
are selectednEl,2,3,4) to be used as theelational fea-  objects (1000 objects times 10 classes) in an originally 256
tures. Sk = 10,20,30,40. For these features linear and qua-dimensional feature space just a few minutes on a Sun-
dratic classifiers are computed. It appears that the quadratitlltra-1 processor. This is due to the random reduction of the
classifiers perform much better. Results are shown in figuréLl0000*10000 similarity matrix to a 10000*40 matrix. In the
5. In the left figure the averaged results are shown over 2%esulting 40-dimensional feature space a discriminant is
experiments with different random selections of the rela- trained by all 10000 training objects. Also the application of
tional features. It appears that 3 (= 30) is almost suffi-  this discriminant to new objects is relatively fast in compar-
cient for representing the training set. For small training setsson with the other classifiers as it primarily demands the
smaller feature sets € 1,2, sck = 10, 20) are better. computation of the distances to just 40 training objects.
The best of our 25 experiments withr 4 (which is just . .
slightly better than the average) is compared in the right6' Discussion
figure with some historical results obtained by DeRidder on  pajational discriminant analysis offers the possibility to
the same training set [11], [13] using a LeCun neural nét-comnte nonlinear classifiers from small or large training
work [15], the nearest neighbor rule and a 3rd order supporkes The original object representations should be such that
vector classifier [3]. S _ similarity matrices can be computed. This is possible for
The results that are obtained in this character recognition,y feature representation as well as for other representa-
experiment are reasonably good, in particular if the comput-jons This enables the use of different kinds of prior knowl-
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Fig. 4. Two 2-dimensional examples of a systematic procedure removing all training errors.
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Fig. 5. Character recognition experiment. Left the learning curves averaged over 25 experiments with a
relational discriminant. Right the best of these 25 experiments compared with some historic results.

edge for the definition of the object relations, [4]8. Schélkopf,Support vector learningdldenbourg Verlag,

(dis)similarities or distances. Munich, 1997.
A m*m similarity matrix on the training set can be inter- [5]C.J.C. Burges, A tutorial on support vector machines for pattern
preted asn objects given bynfeatures (similarities to train- recognition,Data Mining and Knowledge Discover}997.

ing set objects). Its direct use for building a linear classifier [6]R.P.W. Duin,Small sample size generalizati@CIA'95, Proc.
is not advisable as exactly for this situation (sample size 9th Scand. Conf. on Image Analysis, Volume 2, 1995, 957-964.
equals feature size) the learning curve peaks. Using |esg7]M.ikunch||na ?”%R-P-Vfét'a‘:"l' itabf'"z'”%‘:'ti‘ss'f'ers for very
objects as in the support vector classifier is an option but has SMa" Sample SIZE5,roc. nt. ~onl. on Fattern.
) p.p . . . p . Recognition\ol. 2, IEEE Comp. Society Press, 1996, 891-896.
the drawback that it is computationally intensive and is . o
tirelv defined by th lected obiect subset. In thi LS]S. Raudys and R.P.W. Duin, On expected classification error of
entirely aetined by the S? ected object subset. n_ IS PAPET 46 Fisher Linear Classifier with pseudo-inverse covariance
we fognd that the selegtlon .of_ a small set of rela.thnal fea- hatrix. Pattern Recognition Letter4998 (in press).
ture.s is very well possible: it is fast, both.for training and [g]R.P.W. Duin, D. de Ridder, and D.M.J. Tax, Featureless
testing, and may perform well. Moreover, it has the advan- ClassificationFirst Int. Workshop Statistical Techn. in Pattern
tage over the support vector classifier that new training RecognitionPrague, 1997, 37-42.
objects can directly be included. [10]R.P.W. Duin, D. de Ridder, and D.M.J. Tax, Experiments with
An open question is still the selection method for finding  object based discriminant functions; a featureless approach to
the relational features: random or systematic. The latter will Pattern recognitiorPattern Recognition Letterd8, 1997,
certainly decrease the training speed. Other open issues arel159-1166. 4D. de Ridd | " .
the final discriminant computed on top of the reduced simi-[111R:P-W. Duin and D. de Ridder, Neural network experiences
. . . . . . between perceptrons and support vectors, in: A.F. Clark (ed.),
larity matrix and its possible nonlinear transformations. " ! -
H . ted with both. i I i Proc. of the 8th British Machine Vision Confereneglume 2,
.erelwg Expermen _e wi . 0, ) Inear as we a.s non m_ear University of Essex, Colchester, UK, 1997, 590-599.
discriminants. Nonlinear similarity transformations will 1151\ skurichina and R.P.W. Duin, Regularization by adding
have to be studied in relation with this with the similarity ~ regundant feature§TIPR98 Sydney, 1998.

measure itself. [13]D. de RidderShared weights neural networks in image
analysis Master Thesis, Delft Univ. of Techn., February 1996.
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