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On the Evaluation of Independent Binary Features

ROBERT P. W. DUIN, CHRIS E. vAN HAERSMA BUMA, aND
LUITZEN ROOSMA

Abstract—For the case of independent binary features, condi-

" tions under which the addition of a new feature does not decrease

the Bayes errvor are derived. These conditions lead to illustrations

of families of distributions for which the best two independent
measurements are not the two best.

I. INTRODUCTION

We consider the problem of classifying the K-dimensional
binary vector x = {x1,x2, ... x¥) into one of the two classes 4
and B. The features are assumed to be statistically independent
for both classes so that the probability distribution of x, given
class t, can be written

K . X .
Fi(x) = _Hl {pix/ + (1 = pH(Q ~2))j, (1)
j=
where i = A,B and p!/ = Prob (x/ = 1| x € classi). The Bayes error
e made by using (1) for classification is

e=Y min{cFa(x), (I ~ c)Fg(x)} (2}

in which ¢ is the a priori probability for class A, The main pur-
pose of this note is to investigate the effect upon ¢ of the addition
of a K + 1st feature. Conditions under which ¢ does not decrease
will be given, that is, cases in which the addition of a new feature
does not result in an improvement of the probability of classifi-
cation.

The Bayes error (2) can be expressed in the contributions e
of all points x by

e= 3 e F(x), (3)
X
where F(x) = ¢cF4(x)} + (1 — ¢}Fg(x) is the probability of x. We
will write the error ¢, if the dimensionality is raised from K to K
+ 1, as a sum over all points x of the K-dimensicnal space, let us
say

¢ =7 € F(x), (4)

where ¢, can be interpreted as the probability of error for a given
K -dimensional point x if the additional K + 1st feature is used.
The probabilities ¢ and ¢ will be compared by comparing ¢, and
¢x for all points x. Let

a(x) = (1 — O)Fp(x)/{cFa(x)) (5)

s

be the probability ratio of class B to class A for a %(ven point x.
It can be shown (see [5]) that ¢, = ¢x when both p§*/p&*! and
{1 — pE*H/(1 — pE*Y) are either simultaneously larger than afx)
or smaller than a(x). If this is valid for all x, then ¢ = ¢, and the
addition of the new feature give no improvement. When features
with probabilities p5*! and pf*! are plotted in a {pa, py) plane,
there is an area (shaded in Fig. 1) where these conditions apply
simultaneously. For the proof, see [4]. A feature in the shaded
area of Fig. 1 therefore gives no improvement when it is added
to the feature set. The important thing to note is that such a

feature is not necessarily a feature such that p§™' = pf*!,
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CORRESPONDENCE
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Fig. 1. For features in the shaded area, ¢ = ¢ is valid because ¢x = ¢y, for all x, a2

largest « smaller than one. a,: smallest « larger than one.

II. RESULTS FOR IDENTICALLY DISTRIBUTED FEATURES

The above result can be simplified when the features are
identically distributed. Let

ph=pa, ph=ps  forallj,

50 that

Fi(x) = (p)N(1 ~ p)K-=N, i=AB (6)
where N is the number of ones and K — N is the number of zeros
in x. It can be easily shown (see [5]) that no improvement is
reached by the addition of a new feature if one of the following
conditions holds.

1) The point {p4,pg) is in the shaded area of Fig. 2, an area
that grows smaller with increasing K. Features within this area
give an error of e = min e, 1 ~ ¢},

2) There exists a point x with the following number of ones:

N = {xn (=) -m (24

1—e¢ pe

- - -1
+Kln (i—ﬁi)} {ln (24) +1m (3—&‘1)} )
1 - pa DB 1-ps

This condition is fulfilled for those combinations of ¢, p4, pg, and
K for which (7) is an integer. If ¢ = 0.5 and p4 = 1 ~ pg, (7)
simplifies to N = % (K — 1), which is an integer for K odd. The
error will then decrease only for an even nuinber of features. This
result is the same as that for the error probability of a binary

symmetric channel as a function of the number of repetitions of
the message.
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Fig. 2. Features which give no improvement if K of them are available and a K

+ 1st one is added, ¢ < 0.5.
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Fig. 3. Lines of constant Bayes error ¢ in the (p4, pg) plane for a single feature

(broken lines) and for two independent identically distributed features with
parameter values ps and pg, ¢ = 0.5. °

For the case of identically distributed features, it is possible
to compute lines of constant Bayes error in the (p4,pp) plane [4].
In Fig. 3, these lines are given for K = 1 and K = 2. They illustrate
the result mentioned above. From this figure, it is clear that it is
possible to have two features f; = (p}, ph) and f2 = (p3, p}) such
that

«{f1) <elfg),
and for K = 2,

f(fb f;) > f(f‘z, f;l)»

in which f; and f; are identical with f and f5, respectively. This
shows that the two best features (f; and f;) are not the best two
features. Cover [3] has also given an example of this occurrence,
also based upon pairs of identically distributed features. Other
examples given by Elashoff [1] and Toussaint {2] cannot be in-
terpreted in Fig. 3 because they are based upon pairs of noni-
dentically distributed features.
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