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Abstract. In general, classifying graphs with labelled nodes (also known
as labelled graphs) is a more difficult task than classifying graphs with
unlabelled nodes. In this work, we decompose the labelled graphs into
unlabelled subgraphs with respect to the labels, and describe these de-
composed subgraphs with the travelling matrices. By utilizing the trav-
elling matrices to calculate the dissimilarity for all pairs of subgraphs
with the JoEig approach[6], we can build a base classifier in the dis-
similarity space for each label. By combining these label base classifiers
with the global structure base classifiers built on dissimilarities of graphs
considering the full adjacency matrices and the full travelling matrices,
respectively, we can solve the labelled graph classification problem with
the multiple classifier system.

1 Introduction

Multiple classifier system [5] which is an efficient technique for improving the
classification performance grows rapidly in the field of statistical pattern recog-
nition in the last decade. But strikingly, there are very few attempts [1,10] in the
literature to create base classifiers in the structural pattern recognition domain
[2]. In structural pattern recognition, graphs are a general and powerful data
structure for object representation. The nodes in a graph can represent different
objects and the relationships between these objects or parts of the objects are
represented by edges. Also, labels and attributes for the nodes and edges can
further be used to incorporate more information in a graph representation.

One of the few examples for creating structural base classifiers is discussed in
[12]. The idea is to generate different graph-based classifiers by randomly remov-
ing nodes and their incident edges from the training graphs until a maximum
number of nodes is reached for all graphs. Because of the randomness, different
graph-based classifiers can be created and each becomes a base classifier in the
multiple classifier system. However, with this setting, we still need to compute
similarity/dissimilarity for labelled graphs using time-consuming techniques such
as the maximum common subgraph [2] or the graph edit distance [7] considering
a labelled graph classification problem.
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Unlike graphs with unlabelled nodes, graphs with labelled nodes usually need
to be processed and described with more complicated algorithms and structures.
Also, classifying graphs with labelled nodes is a more difficult task than clas-
sifying graphs with unlabelled nodes. In this work, we propose a method to
decompose labelled graphs into sets of unlabelled subgraphs, and describe the
decomposed subgraphs with the travelling matrices. By using these travelling
matrices as the adjacency matrices, we can reduce the problem of classifying
labelled graphs into classifying sets of unlabelled graphs.

For each label, we can find out its corresponding nodes in a graph and cal-
culate the travelling distances between all pairs of these nodes using Dijkstra’s
algorithm [3] for finding the shortest path given a pair of nodes. With the trav-
elling distances, the connectivity information within the subgraph constructed
by these corresponding nodes can be described with the travelling matrix. In
the travelling matrix, the diagonal elements are always zero (a node is unreach-
able with itself) and the rest of the elements are the inverse of the travelling
distances between nodes. Note that for a fully connected graph, the travelling
matrix will reduce to an adjacency matrix. As a result, for a certain label, the
travelling matrix of the subgraph for each graph can be found and used to rep-
resent the local structure. With this local representation, we can compute the
dissimilarity between subgraphs with graph comparison methods. In this work,
we adopt the JoEig (Joint Eigenspace) [6] approach to calculate the dissimilarity
between pairs of subgraphs. The JoEig is an eigendecomposition based approach
for comparing graphs. The main idea is to project a pair of graphs into a joint
eigenspace which is expanded by the eigenvectors of both graphs and to compare
the projected graphs. After the dissimilarity between all pairs of subgraphs are
derived, we can create a base classifier in the dissimilarity space [8] for this label.

However, these label base classifiers only consider local structures of graphs.
Obviously, there are also needs for base classifiers considering global structures
of graph. Therefore, we also consider base classifiers with two different global
structures of graphs. One is with the full adjacency matrix and the other is with
the full travelling matrix. By combining the label base classifiers and the global
structure base classifiers, we can solve the labelled graph classification problem
with unlabelled graph representations.

The rest of the paper is organized as follows. In Section 2, we recap the JoEig
approach for comparing unlabelled graphs. A multiple classifier system utilizes
the label information of graphs is proposed in Section 3. Simulation results are
presented in Section 4. Finally, a conclusion is given in Section 5.

2 Unlabelled Graph Comparison

Before we introduce the JoEig [6] approach for unlabelled graph comparison,
some definitions and introduction on graphs are given as in the following.

A graph is a set of nodes connected by edges in its most general form. Consider
the undirected graph G = (V, E, W ) with the node set V = {v1, v2, . . . , vn}, the
edge set E = {e1, e2, . . . , em} ⊂ V × V , and the weight function W : E → (0, 1].
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If the graph edges are weighted, the adjacency matrix A for the graph G is the
n × n matrix with elements

Aij =
{

W (vi, vj), if (vi, vj) ∈ E;
0, otherwise. (1)

Clearly since the graph is undirected, the matrix A is symmetric. The Laplacian
[9] of the graph is defined by L = D − A, where D is the diagonal node degree
matrix whose elements Dii =

∑n
k=1 Aik. The Laplacian matrix of G is positive

semidefinite and singular, and it is more often adopted for spectral analysis than
the adjacency matrix because of its properties.

2.1 JoEig: Graph Comparison in Joint Eigenspace

JoEig projects each pair of two graphs into a joint eigenspace. This joint eigenspace
is expanded by both set of eigenvectors.

Let G and H be weighted undirected graphs and LG and LH be their Lapla-
cian matrices, respectively. The eigendecomposition of LG and LH are performed
as

LG = VGDGV T
G , LH = VHDHV T

H , (2)

where VG and VH are orthonormal matrices and DG and DH are diagonal ma-
trices of the eigenvalues (in ascending order) of G and H , respectively. With the
joint projection vector VGV T

H , both graphs G and H will be projected to their
joint eigenspace as LGVGV T

H and VGV T
H LH . The difference between two graphs

using JoEig is defined as

‖VGDGV T
H − VGDHV T

H ‖2. (3)

The JoEig approach approximates a graph by relocating its eigenvalues in the
joint eigenspace constructed by the eigenvectors of both graphs.

There are also three possibilities for setting the number of eigenvectors to
compare graphs with different sizes in JoEig. In this work, we choose to make
full use of the eigenvectors from the smaller graph and keep the same number
of eigenvectors and eigenvalues in the larger graph as in the smaller graph by
removing less important eigenvalues and eigenvectors from the larger graph.

3 A Labelled Graph Based Multiple Classifier System

We use the example graph shown in Figure 1(a) through this section to explain
our method. This example graph is with 8 nodes and each node is labelled
with one symbol. There are no attributes on the edges and the elements of the
adjacency matrix A given in Eq.(4) of this graph are either 1 or 0 to indicate
whether there is an edge between two nodes or not.
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(a) (b)

Fig. 1. An example of (a) labelled graph; (b) the shortest path between node 1 and
node 5

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 1 0 1
0 0 0 1 1 0 1 1
0 0 0 0 0 1 0 1
0 0 0 0 1 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4)

3.1 Travelling Matrix

Our goal is to solve the labelled graph classification problem by decomposing
labelled graphs into sets of unlabelled subgraphs. In order to represent the de-
composed subgraphs, we need an other way than by the adjacency matrix to
describe the connectivity information between nodes. The main reason is that,
if we only choose nodes with the same label to form a subgraph, there are prob-
ably nodes with no neighbors at all and the subgraph might fall into isolated
parts if it is represented by the adjacency matrix. To avoid this phenomenon, we
propose the travelling matrix to represent the connectivity information of sub-
graphs. The basic assumption is that the larger the travelling distance between
two nodes is, the less connective they are. The travelling distance between a pair
of nodes can be easily computed with Dijkstra’s shortest path algorithm [3]. An
example of the shortest path between node 1 and node 5 is given in Figure 1(b),
and the travelling distance between these two nodes is 4 since there are at least
4 edges one node has to travel to reach the other one. Therefore, an element in
the travelling matrix is defined as the inverse of the travelling distance between
two nodes. Also, the elements on the diagonal are all defined as zero. For the
example graph in Figure 1(a), its full travelling matrix T will be
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T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

Note that for a fully connected graph, the travelling matrix will reduce to an
adjacency matrix. For the example in Figure 1(a), there are three different labels,
i.e., C, H and O. For each label, we will extract a subgraph consisting only nodes
with this particular label. For example, Figure 2(a), Figure 2(b) and Figure 2(c)
are the subgraphs extracted with label H , O, and C, respectively. The solid line
means that these two nodes are connected in the original graph, and the dash line
means they are not connected in the original graph but now weakly connected by
their travelling information. Now that a subgraph only consists of nodes with the
same label, it means that we can actually ignore the label within the subgraph
and fully describe this subgraph with a connectivity matrix (which is, travelling
matrix by our definition). The travelling matrices for these 3 subgraphs are

TH =

⎛
⎜⎜⎝

0 1
4

1
4

1
4

1
4 0 1

2 1
1
4

1
2 0 1

1
4 1 1 0

⎞
⎟⎟⎠, TO =

(
0 1

2
1
2 0

)
, and TC =

(
0 1

2
1
2 0

)
, respectively.

3.2 Dissimilarity and Base Classifiers

Given m graphs with n distinctive labels among the graphs, we want to create
n base classifiers with respect to the labels. So, for a certain label, we extract a
subgraph and its travelling matrix from each graph consisting only with this label

(a) (b) (c)

Fig. 2. Examples of subgraphs extracted with label (a) H , (b) O and (c) C, respectively,
from the graph in Figure 1(a)
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as described above. With these m subgraphs, the dissimilarity are calculated
pairwise with the JoEig approach as described in Section 2. Some graphs might
have no nodes with such label at all, and therefore the subgraphs of these graphs
are empty. In this case, we directly set the dissimilarity to 0 if the two subgraphs
are both empty, and set the dissimilarity to 1 if only one of the subgraphs is
empty. As a result, we can obtain a m × m dissimilarity matrix for each label.
With this dissimilarity matrix, we can build a base classifier for this label in the
dissimilarity space [8]. In the end, we can construct n label base classifiers by
doing the same to each label.

However, the label base classifiers only consider subgraphs which describe the
local structures of graphs. To increase the diversity of the multiple classifier
system, we also create global structure base classifiers. We propose two different
global structure base classifiers, one for the full travelling matrix and the other
for the full adjacency matrix. So we pairwise compare the original graphs with
the JoEig approach to derive the dissimilarity matrix. But these original graphs
can be represented with the full travelling matrices or the full adjacency matrices.
Similar to the above, we also build global structural base classifiers for these two
dissimilarity matrices.

4 Experiments

In this section, we compare the performance of the single base classifiers as
described in Section 3 with the classifier combiner. Two classifiers, i.e., linear
discriminant (ldc) and nearest mean classifier (nmc), are adopted to build base
classifiers in the dissimilarity space [8]. All the base classifiers and the classifier
combiner are built with the PRTOOLS [4]. Two real-world datasets, i.e., Mu-
tagenicity and AIDS [11], are used in the experiments. We use 15% of training
objects as the representative objects to construct the dissimilarity space for both
datasets. Also, the eigenvalue diagonal and eigenvector matrices are resized to
the size of the smaller graph with the JoEig approach. Moreover, all the results
in the following are the average over 50 repetitions of experiments resulting in a
very small standard deviation.

4.1 Experiment 1: Mutagenicity Dataset

Mutagenicity is one of the numerous adverse properties of a compound that
hampers its potential to become a marketable drug. The molecules are converted
into graphs in a straightforward manner by representing atoms as nodes and
the covalent bonds as edges. Nodes are labeled with the corresponding chemical
symbol, and there are 10 different symbols in total. The average number of nodes
of a graph is 30.3177 ± 20.1201, and the average number of edges is 30.7694 ±
16.8220. The Mutagenicity dataset is divided into two classes, i.e., mutagen and
nonmutagen. There are in total 4,337 elements (2,401 mutagen elements and
1,936 nonmutagen elements). In the experiments, 40% of objects are randomly
selected as the training dataset, 30% are taken as the validation set and the
other 30% are used as the testing dataset.
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Fig. 3. Combination results of different number of base classifiers for Mutagenicity
dataset

In Figure 3, we add the base classifiers (10 label base classifiers and 2 global
structure classifiers) one by one with the sequential forward feature selection
technique. The base classifier contributes most (with respect to the validation
dataset) to the combination results of the current chosen base classifiers will be
selected as the next base classifier to be combined. From Figure 3, we can see
that nmc base classifiers give better combination results than ldc base classifiers
with both max and mean combining rules. Combining ldc base classifiers with
the mean combining rule performs much worse than the other combinations,
especially when more and more base classifiers are combined. This is because
some dissimilarity matrices in the label base classifier are highly correlated as
some labels are absent in most graphs. As a result, most elements in the dissim-
ilarity matrix are zero. Therefore, these base classifiers become very noisy to ldc
with the mean combining rule. Also, for nmc base classifiers, the error rates of
the combination results first decrease when more classifiers are included in the
combination, and then remain stable, but increase again in the end when too
many worse base classifiers are included in the combination. A very interesting
phenomenon is that all the combiners reaching the lowest error rate have at least
one of the global structure base classifiers as the base classifiers. So it is clear
that the global structures can improve the classification performance.

Now the question is, would the label base classifiers also improve the perfor-
mance of the combiner or is it sufficient to only combine the global structure
base classifiers? In Figure 4(a) and Figure 4(b), we present the learning curve
of nmc base classifiers and their max and mean combiners, respectively. From
both figures, we observe that the results of combining only two global structural
classifiers are much worse than combining the best 4 base classifiers. Therefore,
label base classifiers also contribute significantly to the combiner.
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Fig. 4. Learning curves of nmc base classifiers and their (a) max and (b) mean
combiners

4.2 Experiment 2: AIDS Dataset

The AIDS dataset consists of graphs representing molecular compounds. The
graphs are constructed from the AIDS Antiviral Screen Database of Active Com-
pounds (molecules). This dataset consists of two classes, active and inactive, to
indicate molecules with activity against HIV or not. The molecules are converted
into graphs in a straightforward manner by representing atoms as nodes and the
covalent bonds as edges. Nodes are labeled with the corresponding chemical sym-
bol, and there are 26 labels in total. The average number of nodes of a graph is
15.6953± 13.1918, and the average number of edges is 16.1986± 15.0123. There
are 2,000 elements in total (1,600 inactive elements and 400 active elements). In
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Fig. 5. Combination results of different number of base classifiers for AIDS dataset
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Fig. 6. Learning curves of (a) ldc base classifiers and their max combiner and (b) nmc
base classifiers and their mean combiner

the experiments, 40% of objects are randomly selected as the training dataset,
30% are taken as the validation set and the other 30% are used as the testing
dataset.

In Figure 5, the base classifiers (26 label base classifiers and 2 global structure
classifiers) are added one by one using the same technique described above. The
AIDS dataset is a much easier dataset to classify compared to the Mutagenic-
ity dataset, and some base classifiers already reach very small error rates which
makes it for the combiner difficult to improve the individual performance. From
Figure 5, we can still observe that the ldc base classifiers with the mean com-
bining rules are heavily disturbed by the correlated dissimilarity matrices and
perform much worse than the other combinations. On the other hand, ldc base
classifiers with the max combining perform much better than the others.

In Figure 6(a), the combiner is only slightly better than individual ldc classi-
fiers with large amount of training data because one of the individual classifier
has almost zero error rate and that leaves no much room for the combiner to
improve. On the other hand, if we use weak base classifiers as in Figure 6(b),
the combiners can have more significant improvements.

5 Discussions and Conclusions

We solve the labelled graph classification problem with the multiple classifier
system by decomposing labelled graphs into unlabelled subgraphs with their la-
bels and building label base classifiers from these subgraphs. Two global struc-
tural base classifiers are also considered to increase the diversity of the multiple
classifier system. The subgraphs are represented by the travelling matrices in-
stead of the adjacency matrices. The travelling matrix records the node to node
travelling information. By comparing graphs/subgraphs pairwise with the JoEig
approach, we can derive the dissimilarity matrix. With the dissimilarity matrix,
we can construct the base classifier in the dissimilarity space.
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Even though we only consider nodes with single labels and edges with no
attributes in the experiments, our approach also applies to nodes with multiple
labels and edges with attributes. For multiple labels, we can decompose graphs
into subgraphs that might have common nodes. For attributed edges, we can
simply use the weighted adjacency matrix.
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